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Abstract

Consider the stochastic process x; = u; + w; € R4, i = 1,2, ..., where each w; is drawn inde-
pendently across time from an isotropic Gaussian distribution, and p; is (ws, ..., w;_1)-adapted. Let
Xy € RV*d pe the design matrix after time N, where the ¢-th row of X contains x;. What is the
behavior of the minimum singular value of Xy, denoted oyin(Xn)? In the most basic case where
w; = 0, it is well-known that oy,;, (X ) scales as VN —Vd (we will only concern ourselves with the
regime where N > d). In this note, we generalize this result to the setting where each p; is non-zero but
also non-random. We show that a uniform lower bound on o,i, (X ) scaling as VN — V/d also holds,
irrespective of the magnitude of the j;’s. Unfortunately, in the general setting where ; is allowed to
adapt to the past history, we show that no such uniform lower bound on o,;, (X ) is possible: for any
fixed IV, the minimum singular value of Xy can be made arbitrarily small with constant probability.

1 Introduction
In this paper, we consider the following R%valued stochastic process on i = 1,2, ... defined as:

where each y; is (w1, ..., w;_1)-measurable. Let Xy € RY*? be the design matrix where the i-th row of
X contains z;. We are interested in understanding how the bias terms p; affect the minimum singular
value of X, denoted iy (X ). Recall that:

N
Omin(XnN) = 4| inf (x4,v)?
loll=1 =
Here, ||| and (-,-) denote the Euclidean norm and inner product on R?, respectively. We will restrict

ourselves in this paper to the setting where N > d.
The most basic setting of (1.1) is when p; = 0, in which case op,in (X ) is characterized quite well by
modern non-asymptotic random matrix theory. In particular, we have that (see e.g. [19, Section 7.3]),

IEO-min(AXVN) > \/N - \/& ,
and furthermore for any ¢ > 0, with probability at least 1 — et/ 2

Ormin(XN) >VN-Vd—t.



On the other hand, the case when p; = Ax;_1 for a fixed d X d matrix A has received attention recently
due to interest in non-asymptotic bounds for linear system identification [2, 3, 4, 5, 10, 13, 14, 15, 16, 18].
Most analyses of opin (X ) degrade as the p;’s grow unbounded (equivalently when the spectral radius of
A exceeds one). It is natural to wonder whether or not this degradation is fundamental, or a limitation of
current proof techniques.

This note attempts to shed some light on this phenomenon. In this case where p; = (; and the ;s
are fixed non-random biases, we show that a uniform lower bound on oy, (X ) of VN — V/d is indeed
possible, irrespective of the size of the [3;’s. This gives an alternate proof, in the special case of Gaussian
covariates, of a more general result from Oliveira [9] on lower tails of quadratic forms.

The situation changes, however, when the p;’s are allowed to depend on the past history. We show
that when d > 2, it is possible to drive o, (X v) arbitrarily close to zero with constant probability. This
phenomenon is closely related to the inconsistency of ordinary least squares for unstable multivariate linear
system identification and vector autoregression [11, 13]. For d = 1 uniform lower bounds are possible, and
indeed this fact has already been used by Rantzer [12] in context of regret bounds for online learning of
linear control systems.

2 Non-Centered Independent Design

The main result for this section is the following theorem.

Theorem 2.1. Let {3;}i>1 be a fixed sequence of vectors in R®. Consider the process (1.1) with p; = B;.
Suppose that N — d > d. We have that:

Eomin(Xn) > VN —d—Vd—1. 2.1)
Furthermore for any t > 0, with probability at least 1 — e=t/2,
Tmin(XN) > VN —d—vVd—1-t. (2.2)

Before we prove Theorem 2.1, we note that it is not possible to obtain such a result using Mendelson’s
small-ball method [6, 8], which provides a powerful and general framework for obtaining lower bounds on
non-negative empirical processes. While it is true that the small-ball probability of (v, z;) can be lower

bounded independently of j3; for any fixed unit vector v, the Rademacher complexity E ‘% Zi\i 1 EiT4

clearly depends on the magnitude of the 3;’s.

2.1 Proof of Theorem 2.1

The main tool will be a Gaussian min-max theorem which is attributed to Gordon. This allows us to gener-
alize the standard proof when w; = 0. We state the version presented in Thrampoulidis et al. [17].

Theorem 2.2 (Gaussian min-max theorem). Let A, &, g, h all have N(0,1) entries independent of each
other. Let S1, 55 be two compact sets, and let 1) be a continuous function on S1 X So. Define:

F(A,€) = inf sup y' Az + ||z ||[|y]| + ¥ (z,y) ,
€S yESs

G(g,h) = inf sup|zllg"y + [[y|hTz + ¥(z,y) .
reST yESs



Then for any t € R we have:
P(F(A,€) <t) <P(G(g,h) <1).

Let M € RV*4 pe the matrix where the i-th row contains Bi. Let A € RNV *d be a matrix where each
entry is i.i.d. A(0, 1). Then we have that X = A + M. We write:

omin(X) = inf | Xz|= inf sup y' Xz = inf sup y' Az +y' Mz

]| =1 ll2lI=1 ||y || =1 l2l1=1 ||y || =1
=—¢(+ inf sup ylAz+E+y Mz
lzll=1|y||=1
= —é. + FS(A, g) .

Now define G5(g, h) as:

Gs(g,h):== inf sup g'y+h'z+y Mz.
ll1=1 jy||=1

By the Gaussian min-max theorem (Theorem 2.2), we have that P(Fg(A, &) > t) > P(Gs(g, h) > t) for all
t € R. We lower bound G,(g, h) as follows. Write the SVD of M as M = ULV T, where U € RV*4, Let
U, € RV*N=d denote the orthogonal complement of U. We can then lower bound G by restricting the
inner supremum over {y € RY : ||y|| = 1} to {y € Span(U_) : |ly|| = 1}. This latter set is equivalent to
{Uia:a€RN=? |a|| = 1}. Hence

Gs(g,h) = nf | sup g'Uia+hTe=|Ulg| —|lhll.
zl=1 flaj=1

Next, note that U [ g has the same distribution as § ~ N (0, Iy_4). Therefore we have P(Fs(A, &) > t) >

P(||g]] — ||h]| > t) for all t € R, which implies:
1+ Eomin(X) = EFy(4,€) > E||g]| - E[|h]| > VN —d - Vd.
The last inequality follows since the function f(n) = E,n(o,1,)llgll — +/n is increasing in n and we

assumed N — d > d. This proves (2.1). The tail inequality (2.2) follows since A — omin(A + M) is a
1-Lipschitz function [19, Section 5.2.1].

3 The Non-Centered Adaptive Case

We now show that when d > 2, a universal lower bound of the type shown in Theorem 2.1 is not possible in
the adapted case.

Theorem 3.1. Consider the process (1.1) where pu; = px;—1 and where d = 2. Fix an N > Ny for a
universal Ny, and suppose that p > p(N), where p(N) > 1. With constant probability (say 9/10), we
have:

Omin(Xn) < O(P_l\/ﬁ) .



Note that Theorem 3.1 is similar to Lemma 2 of Phillips and Magdalinos [11] which states that for a

fixed p > 1, the quantity %Umin(X ~)? converges to ﬁ in probability as N — oo. Theorem 3.1 also

provides a sharper characterization of o, (X x) compared to Proposition 19.1 of Sarkar and Rakhlin [13].

Itis interesting to note that in the scalar case when d = 1, a universal lower bound is pos31b1e for arbitrary
adapted j;’s. In fact, it is an elementary calculation to show that E[o2. (Xy)] = E[>2N 22] > N. A
uniform large deviation bound is given in the following theorem.

Theorem 3.2. Consider the process (1.1) with d = 1. Fix any t > 0. We have that:
N
P {fo <N - \/Nt} < exp(—t/4) .
i=1

3.1 Proof of Theorem 3.1

Let {u:}, {v:} be mutually i.i.d. N'(0, 1) random variables. Let {a;}, {b;} be real-value processes defined
as ag41 = pag + ug, by1 = pby + v, with the base case a1 = ug and by = vg. It is clear that the process

{ [Zl] } has the same distribution as the process {z;}. Define the random variables 7', D as:
K3

N N N 2
D = a%) (Z bi) - (Z akbk) .
k=1 k=1 k=1

We first calculate E[T'] and E[D]. Focusing on D, by the fact that the a;’s are independent of the b;’s and
have the same distribution,

N 2 N N
_ (zmaa) 3 Floa = 3 (EUlERS] ~Ho )
k=1 i=1 ij=1
N-1 N N—1N—i
=23 Z — Elasa,]?) = 2 (E[a?|E[a?, 4] — Elaiaz]?)
=1 j=i i=1 k=1
Now we have a;y, = pFa; + ZIE 3 Pk 1=ty; o for k > 0. Therefore, we have Ela ] Zz 0/)

Furthermore, E[a;a;, 1] = p*E[a?] = p* S4_4 p**. Therefore:

—1N—i i—1 ith—1 i—1 2
Y S () (X ) - (4]
i=1 k=1 =0 =0 (=0
_ NZpt—2N?p? 4 N2 — 2N p2N+2 — 4p2N+2 4 g N p2N+4 _ p2NHT4 L 3Npt — 2Np? — N + 2p" + 4p?

(p? - 1)*
= O(Np* N2y when p > 1.
On the other hand, we have
N N i—1 2 2 N
—Np* + —1)+ N
Bl =23 Bl =233 = ST o) when > 1.
i=1 i=1 (=0 P =



Because X is a 2-by-2 matrix, we have that:

1 R D

Above, the last inequality follows from the concavity of z — /.

Now because D > 0 by Cauchy-Schwarz, by Markov’s inequality we have P(D > E[D]/§) < ¢ for
any 6 € (0,1). Hence D < O(N p*V=2)) with probability at least 0.95. The more difficult part is to control
T2 — 4D from below. To do this, we use a powerful Gaussian anti-concentration result.

Theorem 3.3 (Special case of Theorem 8, Carbery and Wright [1]). Let p : R® — R be a degree d
polynomial, and 11 be a log-concave measure. We have that:

u{lpl < eEulpl} < CdeM?,
where C'is a universal constant, and B, |p| = [ |p| dp.

By construction, we have 72 —4D is a non-negative degree four polynomial of (wg, ..., Wx_1, V0, ..., UN_1)-
Hence by Theorem 3.3 with probability at least 0.95, we have

T? — 4D > cE[T? — 4D] > ¢(E[T)? — 4E[D]) = Q(p**™~V) when p > 1.
for a universal ¢, where the last inequality is Jensen’s inequality. The claim now follows by union bounding
over the upper bound for D and the lower bound for 72 — 4D.
3.2 Proof of Theorem 3.2

First, an elementary calculation shows that if  is fixed, w ~ A(0,1), and 6 < 0,

1 0 1
< — .
\/1—2eeXp{1—29“ }— V1-20

Therefore by iterating expectations, for # < 0 we have:

N
1
2
=1

The rest of the proof follows from standard X% concentration bounds [7, Lemma 1]. Define the random
variable Z = Zf\; 1 z7 — N. By a Chernoff bound for any v > 0 and 6 < 0,

Eexp(8(1 + w)?) =

P(Z < —v) =P(0Z > —0v) < exp(bv)Eexp(67) .
Now define 1(6) := —60 — 5 log(1 — 20). Observe that:

N
logEexp(6Z) = —N6 + log E exp {GZQJZQ} < —-NO — glog(l —20) = Ny(0) .
i=1

It is elementary to show that ¥)() < 62 for § < 0. Therefore combining with the Chernoff bound:

P(Z < —v) < inf N < inf N6?).
(Z < v)_égoexp(%—&— w(ﬁ))_égoexp(%—&- 6)

We set § = —v/(2N) and therefore P(Z < —v) < exp(—v?/(4N)). Now set v = /Nt for any t > 0
which yields the result.
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