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This paper investigates first order methods for solving large scale semidefinite programs. While
interior point methods are (a) theoretically sound and (b) effective and robust in practice, they are
only practical for small scale problems. As the dimension of the problem increases, both the space
and time needed become prohibitive. We survey first order methods which have been proposed in
the literature to deal with this issue, such as the low-rank factorization method of [BMO03b], the
block coordinate descent method of [WGMS09], the dual ascent approach proposed in the context
of spectral bundle methods [HR00], and the recent eigenvalue saddle point transformation proposed
by [Renl4]. These methods are all characterized by simple operations per iteration: matrix-vector
multiplications, vector dot products, and top eigenvalue-eigenvector pair computations. These op-
erations can exploit the sparse structure of the original problem and can be efficiently implemented
using standard numerical libraries. We conclude our survey with an experimental evaluation on
various max-cut and matrix completion problems.
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1 Introduction

Notation. Throughout this paper, we will use the following notation. Let S™ denote the space
of all symmetric n x n matrices. Given X,Y € §", let (X,Y) denote the Frobenius inner product

(X,Y) =tr(XTY)

Given an X € 8", we write X > 0 (resp. X > 0) to denote that X is positive semi-definite (resp.
positive definite). We also write A1(X) > Aa(X) > ... > A\, (X) to denote the eigenvalues of X in
decreasing order. Given an arbitrary X € R™", we write 01(X) > 02(X) > ... 2 Opmin{m,n}(X) >0
to denote the singular values of X in decreasing order.

Given an z € R", we use ||z| to denote its lo Euclidean norm. Similarly, given an X € R™",
we use ||.X || to denote its Frobenius norm.

1.1 Semidefinite programming

In this paper, we study the following optimization problem

min (C,X) : A(X) = b,X = 0 (1)

where b € R™, C' € 8", and A : S® — R™ is a linear operator of the form
¢4h;Y>

-A(X) = :
(Am, X)

with A; € 8™, i =1,...,m. Denote by A* : R™ — S" the adjoint operator, which has the form
m
A*(y) = i
i=1

A simple manipulation yields that the dual of (1) is given as

max —bTy : C 4+ A*(y) = 0 (2)
yeR™
A standard result states that if both the primal and dual are strictly feasible, then the duality gap
is zero; this is the Slater condition for SDPs. Furthermore, a primal-dual point (X, y) satisfies the
necessary and sufficient KKT conditions if X is primal feasible, y is dual feasible, and

X(C+ A(y)) =0

Semidefinite programming has a rich history in the literature. See the excellent survey paper
[VB94] and the references within for more details. Here, we outline a few interesting semidefinite
programming formulations. For more formulations see e.g. [VB94, BPT12].



Max-cut. Given an undirected weighted graph G = (V, E, W), the max-cut problem is to find
a partition of the vertices such that the sum of the weights of the edges crossing the partition is
maximized. This is formulated as the following optimization problem.

a2 Wi
(i.j)eE,
1€C,jeV\C
The max-cut problem is APX-hard [PY88]. The standard 0.879-approximation algorithm [GW94]
solves the following SDP
(Lg, X) 1 X5 =1,X =0 (3)

1
max —
Xesn 4

where Lg = D — A is the weighted graph Laplacian.

Nuclear norm minimization. Nuclear norm minimization is a popular heuristic for solving
inverse problems. We present a simplified form. Let Q C {1,...,m} x {1,...,n} x R denote known
entries of an unknown m x n matrix W. In order to recover W, the nuclear norm heuristic solves
the following problem.

Wrgnﬂ%%’n W, : Wiz = myj, (i, 4, mi;) € Q

Here, |W]|, = Z?;irll(m’n) o;(W). This turns out to be equivalent to the following SDP

X1 W

l(tr(Xl) +tr(Xy)) : [ W X,

min
X1€8™,X2€8™, 2

WeR™™

Furthermore, for many well conditioned inverse problems, this heuristic actually provides exact
recovery with high probability (see e.g. [RFP10, CR12]).

1.2 Primal-dual interior point methods

The most robust and widely used algorithms to solve SDPs are of the class of methods typically
referred to as interior point methods. These are the methods implemented in commercial solvers
such as Mosek, SeDuMi, and CVX. Here, we present a brief overview. See e.g. [AHO98, Gu97,
HRVWO94] for a more thorough treatment. We first start by re-writing (2) as
by« A* Z=0C,Z~=0 4
jeanax Uty AT(y) + 7 = (4)
Now fix a 4 > 0. Given a set of points (X*, y*, Z*) which satisfy the feasibility constraints of (1)
and (4) and also satisfies the constraint

XHZH = ul

we say that (X#, y#, Z") lies on the central path. It turns out (see e.g. [KSH97]) that for every p the
point (X# yH Z") is unique, and therefore the map ¢ : Ryg — S" xR™ x 8™, ¢(u) = (X*, y*, Z)
is well-defined. Furthermore, if X, is optimal for (1) and (ys, Zx) is optimal for (4), then

lim ¢(12) = (Xo, Y, Z4)
w0



At a high level, a primal-dual interior point method simply follows the central path, generating
a sequence of points {(X¢, y+, Z¢) }+>0 approximately following the central path which converges to
the optimal solution. The most common way this is done is to use Newton’s method to find the
unique solution (X, v, Z¢) to the following system of equations

[ A*(ye) + Zy = O]
<A17Xt>

<A7‘I‘L7Xt>
XeZy — ped

It can be shown that to solve this system of equations takes roughly O (mn3 + m2n2) operations.
When n grows large (which is the regime of interest in this paper), this cost becomes prohibitive.
To illustrate this point, Figure 1 shows how the runtime of Mosek grows on the max-cut SDP over
random graphs on a circa 2012 machine. For n = 10%, the time is prohibitive.

10°

Time (sec)

n

Figure 1: Plot of the time it takes Mosek to solve a random max-cut SDP instance where |V| = n.
Note that in this experiment, roughly 30 percent of the entries in the Laplacian Lg are non-zero.

1.3 Large data regimes
In this paper, we are interested in two data regimes:

1. Storing a O (n2) matrix in memory is acceptable, but performing a expensive O (ng) matrix
operation, such as an eigenvalue decomposition, is prohibitive.

2. Even storing a O (n2) matrix in memory is prohibitive.

Regime (2) needs no motivation, with the ubiquity of the “big-data” era. Furthermore, with modern
computing trends, regime (1) is also quite interesting since, for example, storing a 10000 x 10000



matrix in double precision takes less than 1 GB (763 MB to be precise), which is well within
the limits of memory on a personal machine. However, on one of the author’s modern desktop,
computing a single eigen-decomposition of a symmetric 10000 x 10000 matrix using the LAPACK
routine syevr takes almost 9 minutes!

Without any more assumptions, both regimes seem hopeless. Hence, we will primarily be
interested in problems with exhibit the following structure

1. The matrices C' and A;, ¢ = 1, ..., m, are relatively sparse.

2. The optimal solution X, to (1) is low-rank.

As we investigate various methods, we will constantly refer back to how a method can be adapted
to take advantage of both sparsity and low-rank solutions.

2 A review of first order methods

We review two common first order methods: the projected sub-gradient method, and the method
of multipliers (often referred to as the augmented Lagrangian method).

2.1 Projected sub-gradient method

Let f: R®™ — R be a convex function and C C R™ a non-empty closed convex set. Recall that the
sub-differential of f at a point x € R™, denoted 0f(x), is defined as

Of(x)={g e R": f(y) > f(x) + {9,y — z) for all y € R"}
Denote by Pe¢ the Euclidean projection onto the set C, that is

Pe(x) = argmin ||z — y|
yeC

We are interested in solving general optimization problems of the form

min f(z) (5)

zeC

A well-known, standard algorithm for solving (5) is shown in Algorithm 1. Here, we assume that

1: function ProjectedSubgradientMethod(7', {at}tT;Ol)
2 zg < 0

3: fort €[0,...,7 — 1] do

4 g < an element of 0 f(zy).

5 Tyl < PC(CCt — O‘tﬁ)-

6: return .

Algorithm 1: The standard projected sub-gradient method.

(a) given an arbitrary point x we can easily compute an element of its sub-differential df(z), and
(b) the operator P¢ is also easy to compute. From Nesterov, we have the following convergence
result. Recall that a function f is called M-Lipschitz continuous on C if for every z,y € C we have

[f(@) = fly)l < M lz =y



Theorem 1. ([Nes98], Theorem 3.2.2) Suppose f is M-Lipschitz continuous on C and ||z«| < R,
where x, is the optimal solution to (5). Then if ay = R/\T, we have

_ MR
VT

Hence, to get f(zr) — f(z:) <€, we require O (1/€?) iterations.

fler) = f(.)

2.2 Method of multipliers

We now consider the following problem

min f(z) : h(z) =0 (6)

where f: R" — R and h : R™ — R™. Note that this is more general than (5), since given a set
C we can set h(z) = I¢(z), where I¢(-) is the indicator function on the set C.
Fix a pr > 0, and define the augmented Lagrangian £,(x, \) as

1
Lu(z, ) = f(x) + A h(z) + 5 1)
The method of multipliers proceeds as shown in Algorithm 2.

1: function MethodOfMultipliers(T", {1 tT:Bl)
2 Initialize (zg, o).

3 fort € 0,...,7— 1] do

4: L1 — argmingcgn Ly, (24, Ar).

5 )\t+1 — M+ uth(xt).

6

return xr.

Algorithm 2: The method of multipliers.

The method of multipliers is simply an algorithm which iteratively solves, by alternating between
x and A, the following saddle-point problem

. T H 2
min max f(z) +A"h(z) + 3 [h(2)] (7)

It is not hard to see that an optimal solution to (7) is also an optimal solution to

in ma + A'h(z) = mi ch(z) =0
min max f (x) (z) = min f(z) : h(z)
Unfortunately, the convergence results for the method of multipliers require quite a few assumptions,
and often fail to capture rates. See e.g. Proposition 2.7 of [Ber96] for a general convergence

proof. Here, we outline a standard style of convergence proof for augmented Lagrangian problems,
following the style of [RFP10], Theorem 5.2.

Proposition 1. Suppose f,h are both differentiable with continuous first derivatives, and suppose
h:R"™ — R. Let {(xk, \c) }k>0 be a sequence of iterates such that



(a) zi is converging to some x,

(b) (zk, \i) is a stationary point of the augmented Lagrangian L, (zy, M) for each k >0,
(¢c) Vh(zy) #0, and

(d) limsupy_, o |A\x] < o0o.

Let pp, T oo. Then there exists a Ay such that the point (., 5\*) satisfies the KKT conditions for

(6).

Remark. In order to have that A\ — 5\*, we need additional assumptions controlling the rate
of growth of uy 1 0o versus how fast h(xp) — h(xy).

Proof. Let i, be such that (Vh(zy));, # 0. Since VA(-) is continuous by hypothesis, and since
Tr — Ty, we have Vh(xg) — Vh(x,), and hence there exists a K such that for all k > K, we
have (Vh(zy)):, # 0. From here onwards, assume k > K. Now because each (xy, \;) is stationary,
we have that

0=V f(zk) + \eVh(zk) (8)

holds for every k, where Me &+ urh(xg). Since Vh(zp) # 0, Mg is the unique value which
satisfies (8). Then clearly Ay = —(Vf(z1))i, /(Vh(zt))i., and by continuity we have Ay — A, &
—(Vf(xx))i./(Vh(xx))i,, which is some finite value. But since py 1 0o, this means that h(z.) = 0

~

otherwise A\, would be infinite. Hence, the point x, is feasible. OnAce again, by continuity, taking
the limit as k — oo of both sides of (8) yields that 0 = Vf(z.) + AVh(z.) = Vo L(24, Ay). This
verifies the KKT conditions for (z, A.). O

In practice, the tricky part about this method is picking the right update method for A;. An
alternate, more practical method than the one shown in Algorithm 2, advocated by [BMO03b], is
to pick a v > 1 and n < 1 and keep an v; around, by performing the following at the end of each
iteration:

(i) Set v + ||h(z)]*.
(ii) If v < nuv then update

A1 < At + pgh(xy)

M1 < Ut
Vi1 <V

(iii) Otherwise, update

At1 & N

Hit+1 < YUt
V41 < Ut



3 Renegar’s first-order method

3.1 Strawman

At first, it may be tempting to apply Algorithm 1 to the primal SDP (1). Certainly, the set
C={XeS": AX)=0bX =0}

is a closed, convex set. The problem, however, is that P¢ is an expensive operator. For instance, if
m =1 and A, = I,,, then we have

Pe(Y) =argmin||Y — X||p:tr(X)=1,X >0
Xesn

The most straight-forward way to compute P¢ is to take the eigen-decomposition of Y and massage
the eigenvalues to live on the (n—1)-simplex. As we argued before, this is prohibitive. Furthermore,
for a general A, there may be no closed form solution, and computing P¢ then requires solving an
optimization problem which is just as hard as the original problem.

3.2 Renegar’s transformed problem

A trick, as observed by [Renl4], is to transform (1) into an equivalent saddle-point eigenvalue
problem. For now, assume that A(I,) = b, that is, the identity is strictly feasible. Fix a 7 such
that v < tr(C). Consider the following problem

)I(ne%)% /\min(X) : A(X) =, <CvX> =7 (9)

Furthermore, define the map Z(X) as

1

Z(X) :In‘f’il o (X)

(X —1,)

Note that Z(X) is the intersection of the ray X +¢I with the boundary of the positive semi-definite
cone.

Theorem 2. ([Renl)], Theorem 2.2) Let A(I,) = b and v < tr(C). Let X, be optimal for (9).
Then Z(X.) is optimal for (1). Hence, solving (9) solves (1).

At a first glance, this appears to be un-interesting, since we simply traded the constraint X > 0
with a smooth objective for a non-smooth objective with an affine constraint. We will now see why
(9) is much more amenable to a projected sub-gradient method.

3.3 A projected sub-gradient algorithm
Define the sets

C={XeS8": AX)=0,(C,X) =7}
Ct={Xe8": AX)=0,(C X)=0}

We will now argue that Pe¢ is cheap, by arguing that 75’6L is cheap: note that if X € C and V € 8",
then Pe(X + V) = X + P(V).



Proposition 2. Consider the optimization problem

Pé‘(Z):argmianZ—XH%:A(X)zo, (C,X)=0 (10)
Xesn 2

The optimal solution X, is unique, and given by

where (y«, A\x) € R™T s a solution to the following (m + 1) x (m + 1) linear system of equations

<A1,A1> <A1,Am> <A1,C> Y1 <A1,Z>
A1) o (A An) (A0 O) | | | | (40 2)
(C, A1) ... (C,An) (c,C) A (C,Z)

Proof. It is easy to verify that Ct is a subspace of R™™, and therefore its orthogonal projection
Pz is unique. Now introduce dual variables (y, A) € R™*! and consider the Lagrangian for (10)

L,y 0) = 5 17 = X[+ (5, ACX) + MC, X)

From this, we write the KKT conditions for optimal (X, y«, \s) as
X =27 - A"(ys) — \C

0= <A17X*>, 1= 1, "y
0=(C,X,)

from which the result follows immediately. O

Hence, computing Pp1 is practical since we typically assume m < n?, so we just need to
solve a small system of linear equations Az = b for which A is positive semi-definite and can be
pre-computed. For the max-cut problem, we can actually get a closed form solution. Define the
following operator Zj : R™"™ — R™" which zeros out the diagonal

Zp(X) = X — diag(diag(X))

Corollary 1. For the maz-cut SDP, the solution to Ps1 is given by

B (Zo(La). Z0(Lc))
Pes2) = 2o {Z ~ Bo(La). 5 2) LG}

To have an implementable algorithm we need one more piece, which is a method for computing
a element of O\ (X). Fortunately, this is easy by the following fact.

Proposition 3. Let X € 8", and let u be any normalized eigenvector corresponding to the eigen-
value A\1(X). Then uu® € OA(X).

10



Proof. Recall by the variational characterization (Rayleigh-Ritz) of A\;(X) and the cyclic properties
of the trace,

M(X)= sup v'Xu= sup (uwu?,X)

willul|=1 willul|=1

Hence, if u is a normalized eigenvector corresponding to A1 (X), then (uu”, X) = A\{(X). Therefore,
for an arbitrary Y € §",

M©Y) = sup (ol Y) > (wu?|Y) = (uu”,Y) + M\ (X) — (wu®, X) = M\ (X) + (uu?, Y — X)

vil|vf=1
Hence we have verified that uu? € O\ (X). O

Clearly, the dominating cost per iteration of a projected sub-gradient method for (9) is the
cost of computing the top eigenvector of an n X n symmetric matrix. While computing all the
eigenvectors costs O (n3), computing just the top eigenvalue/eigenvector pair can be done much
more efficiently with a Krylov subspace method such as Lanczos, which is implemented in the
software package ARPACK. The cost of this is O (n2 log n) (see the appendix of [dEK14]).

A natural question now is, does a good approximate solution to (9) translate into a good
approximate solution to (1)? This is characterized by the following proposition.

Proposition 4. ([Ren1}], Proposition 2.4) Let ~y satisfy v < tr(C). Let X be feasible for (1), and
let X, be optimal for (9). Put

0% tr(C) — v
~tr(0) - (0, Z(X,))

Then if Amin(Xs) — Amin(X) < €, we have

€

(€.2(X) = (C.2(X.) €

(tr(C) = (C, Z(X)))

Proof. The proof follows immediately from observing that

(C,2(X)) = (C, Z2(X+)) _ Amin(Xs) = Amin(X)
tI'(C) - <Ca Z(X*)> - )‘min(X)

and the fact that (see [Renl4], Lemma 2.3)

Y- <C, Z(X*)>

Ain(Xo) = O 10, 20X

3.4 Some drawbacks

Suppose we are told ahead of time that the optimal solution Z, to the primal SDP has rank(Z,) = r,
where r < n. We will see later how this information can be exploited algorithmically. Unfortu-
nately, this low rank structure is not preserved in (9).

11



Proposition 5. If the optimal solution Z, to the primal SDP has rank(Z,) = r, then the optimal
solution X, to (9) has rank(X,) > n —r, unless v = (C, Z,).

Proof. From Theorem 2.2 of [Renl4], we have that if Z, is optimal for the primal problem, then

tr(C) —v

X, =1,
T &(0) - (C. Z,)

(Zs = In)

is optimal for (9). Hence, X, = (1 — a)I,, + aZ, for some a > 0. By assumption, n — r of the
eigenvalues of Z, are zero, and since we assumed « # 1, the claim follows. O

Another drawback with this approach is the case of when I, is not strictly feasible for the primal
problem. The solution proposed by Renegar is to consider a rotated system where the identity is
feasible. Suppose E = 0 is feasible, and let E*/2 denote its PSD square root. Then the equivalent
problem is

max Amin (X) ; A(EY2XEY?) = b (EY2CEY? X) =~
e n
where v < (C, E). There are a few potential issues that arise from this formulation. The most
obvious is that computing FE1/2 requires a full eigen-decomposition (albeit we only need to do it

once). Another issue is sparsity: if our original matrices A; and C are sparse, the rotated matrices
EY2A,EY? and EY2CEY? won’t necessarily preserve sparsity.

4 Dual ascent methods

Section 3 explored optimizing the primal problem. Recalling that the Slater condition ensures
us strong duality for strictly feasible SDPs, we now explore a class of methods which operate on
the dual formulation. This is particular attractive for large data regimes, since the dual decision
variable lives in R™.

4.1 Motivation and setup
Recall the dual problem is

max —bTy : C 4+ A*(y) = 0
yeR™

This is equivalent to

max —bTy : Ay (C' 4+ A*(y)) > 0
yeR™

Since the objective function is affine in y, the maximum is attained on the boundary of the feasible
region. That is, the problem is equivalent to

max —b7y : A\, (C' + A*(y)) = 0 <= max bTy : \j(A*(y) —C) =0 (11)
yeR™ yER™

12



4.2 A method of multipliers approach

At this point, it may be tempting to apply the method of multipliers to (11). The augmented
Lagrangian would be

Luy.v) ="y + vM(A(y) = O) + SN (A" (y) - O)

The issue here is that y — A1 (A*(y) — C)? is neither differentiable nor convex (so the notion of
a sub-gradient does not even make sense). Hence, argmax, £, (y,v) would be tough to deal with
numerically. One way to deal with this issue is to use a smooth approximation to A; (X)), introduced
by Nesterov.

Lemma 1. ([Nes0j], Section 4) Let X € 8™, and fix a p > 0. The function f,(X) given by

fu(X) = plog {Z exp(Ai(X)/u)}
i=1

is conver and twice differentiable with gradient

Vfu(X (Z exp(\i(X)/ u)) Z exp(Ni(X)/m)aig]

where g; is the i-th column of the unitary matriz Q in the eigen-decomposition QXQT of X. Fur-
thermore, f,(X) satisfies the inequalities

AM(X) < fu(X) < M (X) + plogn
Hence lim,, o fu(X) = M (X).
Therefore, we apply the method of multipliers to the smoothed variant

max by : fu(A"(y) — C) =0 (12)
yeR

From this lemma, for u arbitrarily close to 0, we have the following approximations

fu(X) = A (X)
1 k
vfu E Z Zqz
where k is the multiplicity of the top eigenvalue.

4.3 A precursor to spectral bundle methods

We now focus on a particular subclass of SDPs where we can turn the dual problem into an
unconstrained minimization problem. This approach is directly inspired by the spectral bundle
work (see e.g. [HR00]) Here, we make the following assumption: suppose that whenever A(X) = b
holds, then (E, X) = «a holds, where F > 0 and « is some constant. An example of this is the
max-cut SDP, where £ = [, and o« = n. Under this assumption, we can derive the following
equivalent unconstrained dual.

13



Lemma 2. Suppose that A(X) = b implies that (E,X) = « for some E = 0. Then, solving the
following unconstrained problem is equivalent to solving the dual SDP (2)

max —y7 b+ aX,(C + A*(y))
yeR™

where C = E-12C0E1/2, ;{Z =EV2AEY? fori=1,..,m, and
<2117)(>

(Am, X)
Proof. We write the primal SDP, adding in the additional redundant constraint, which does not
change the problem

i : = = b
)?égln<C’X> AX)=b,(E,X)=a,X =0

Noting that (F, X) = (I,, EV2X E'/?) via the cyclic properties of trace, we change variables via
the transformation X = EY2X EY2. Hence, we have the equivalent problem

min (C, E7VAXEV?)  ABTVPXET?) = b (I, X) = a, ETVPXETVE 20
Xesn

Noting that E-12XE-1/2 =0 <= X > 0, this yields the equivalent problem

in (C A = = >
)gr&lg%C,X) AX)=b,I,,X)=a,X =0

Introducing multipliers (y, S, v), the Lagrangian for this problem is
E(X,y,s,l/) = <6’7X> + <y7“Z(X) - b> - <SvX> + V(<IH7X> - CY)
which admits a dual of the form

max —y'b—va: A\ (C+ A*(y) +vl,) =0
yeR™ veR

Since A, (C'+ A*(y) +v1,) = A (C 4+ A*(y)) + v, we can eliminate v from the dual problem and get

max —y’b+ aX,(C + A*(y))
yeR™

which yields the result. O

An immediate corollary is that when E = I, (such as in the max-cut formulation), the dual
problem has a very nice form
max —y’ b+ al,(C + A*(y)) <= min —y7b+ a\ (A*(y) — O) (13)
yeR™ yeR™
Notice that this form is immediately amenable to a sub-gradient method. Furthermore, since the
objective is a convex function, the convergence rate of Theorem 1 applies. Additionally, the function
A1(+) can be smoothed with the smooth function of Lemma 1 and an accelerated gradient method

such as Nesterov’s method used. We discuss this in more detail in Section 8. To calculate the
sub-gradient of the objective function in (13), we have the following fact.

14



Proposition 6. Define f: R" — R as f(y) = M (A*(y) — C). Let u be a normalized eigenvector
of A*(y) — C corresponding to A1 (A*(y) — C). Then A(uu®) € df(y).

Proof. The proof is similar to Proposition 3. Observe that

f(2) = M(A(2) =€)
= sup (vvl, A*(2) - C)

vi||v||=1

> (uu®, A*(2) = C)

= (uu”, A (2) = C) + M (A (y) = O) — (uu”, A*(y) = C)
= AM(A*(y) = O) + (wu”, A*(2 — y))

@ fy) + (AT, z - y)

where in (a) we used the fact that the adjoint operator satisfies (A(X),y) = (X, A*(y)) for all
X eSS yeR™ O

5 Explicit low-rank factorization methods

We now turn our attention back to the primal problem, but this time we are interested in exploiting
the low rank structure of our SDP solution. The ideas presented in this section come mostly from
[BMO3b)].

5.1 Formulation

Suppose we know our optimal solution has rank at most k. Then it makes sense to restrict our
decision variables to matrices of rank at most k. We do this by noting the following equivalence

{Xe8": X = 0,rank(X) <r} ={LL" : L ¢ R""}
Hence, we rewrite the primal SDP (1) as

min (C,LLT) : A(LLT) =b
LeR™™

This form is appealing since the PSD cone constraint X > 0 is now gone. However, we have
replaced it with a non-linear constraint A(LLT) = b. Burer and Montiero suggest to use the
method of multipliers to solve this problem, with the augmented Lagrangian

Lu(L,y) = (C,LLT) + {y, ALLT) = b) + & | ALLT) b

To illustrate the inherent non-convexity of this method, in Figure 2 we plot the non-convex surface
for the functional L — £, (L,y) in the simple case of L € R*1.

5.2 Picking the right rank

A natural question from the formulation above is, how do we pick the right value of r ahead of time?
It turns out, we can upper bound the rank of a solution just based on the number of constraints
we have.
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100 —100

Figure 2: An example plot of the non-convex surface of L — L,,(L,y) for the case when L € R21,

Theorem 3. ([MNP98], Theorem 1.1) Let X be an extreme point of the set {X € S"™ : A(X) =
b, X = 0}. Putr =rank(X). Thenr(r+1)/2 <m.

Proof. Let X = QXQT denote the eigen-decomposition of X, with Q € R™" and ¥ € S™. Since X
is feasible, we have for ¢ = 1, ..., m that

Define the linear operator B : 8" — R™ as
(@T4:Q, X)
B(X) = s
(QTAnQ, X)
Now assume for a contradiction that r(r + 1)/2 > m. By the rank-nullity theorem, we have that
dim(kern B) = dim(S") — dim(im B)

=r(r+1)/2 — dim(im B)

>r(r+1)/2—m

>0
Hence, the null space of B is not trivial, so there exists a V' € 8", V # 0 such that B(V) = 0.
Note we can find € small enough such that both ¥ 4+ €V = 0 and ¥ — €V > 0. An easy sufficient

condition is to set € < 3,/ min(|A1(V)], |A+(V)]). Pick such an ¢, and set X; = Q(X + ¢V)QT and
Xo=Q(X — eV)QT. It is easy to verify that

(i) X1 # Xo.
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(i) X = L(X1 + Xa).
(i) A(X;) = A(X2) =b.
(iv) X1 =0, Xo = 0.
But this directly contradicts the fact that X is an extreme point. ]
From this, we have immediately the following result.
Corollary 2. There exists an optimal X, for (1) such that r = rank(X,) satisfies r(r+1)/2 < m.

Proof. This follows immediately from the fact that for SDP, at least one optimal solution will be
an extreme point. [

Hence, we can always safely set » = O (y/m). We can, however, do slightly better. We can
start with a small r, and repeat the following while r < 7, where 7 is the smallest integer satisfying
F(7+1)/2 > m.

(1) Compute (R, y,) using method of multipliers.
(2) Check if (R,RL, y,) satisfy the KKT conditions. If so, an optimal point is found.

(3) Otherwise, increase r.

5.3 Convergence results

As is typical with method of multiplier algorithms, establishing a finite time convergence rate is
difficult. Burer and Montiero are able to establish the following result. Let H — V%, £, (L, y)[H, H]
denote the quadratic form associated with the Hessian of £ w.r.t. L.

Theorem 4. (/[BM03a], Theorem 4.1) Suppose that the optimal X, has rank r, and let {L*};>1 be
a bounded sequence of R™*". Suppose the following conditions are all satisfied

(a) limg_oo A(LF(LF)T) = b.

(b) limy_y00 VL, (L*,y%) = 0.

(¢) liminfy_yoo V2, L, (LF, y*)[H®, H*] > 0 for all bounded sequences {H*};>1 of R™*".
(d) rank(RF) < r for k > 1.

Then every limit point of {L¥(L¥)T};>1 is optimal for (1).

While this result holds for any SDP, it is not immediately obvious how it can be applied. For
instance, condition (c) seems difficult to check in practice, and more discomforting is that we only
ever run for finite time. Unfortunately, deriving a general theory for non-convex optimization is
elusive; instead we have to focus on specific problem instances. Recently, the empirical success of
these low rank factorization methods has sparked research interest, and there have been many works
(see e.g. [JNS13, NJS13, NNS*14, FXY13]) which establish finite time convergence results for a
low rank factorization method on specific problem instances of interest (which can be formulated
as semi-definite programs).
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Matrix sensing via low rank factorization. We illustrate the low rank factorization method
applied to a problem similar to matrix completion. Suppose there exists an unknown matrix
M € R"™"™, from which we get to observe p measurements b; = (A;, M), i = 1, ..., p for some known
collection of {A4;}?_;. We want to solve the following feasibility problem

min 0: A(X) = b,rank(X) <k
XeRmn
where A(X); = (A;, X) and b = (b1, ...,bp)T. Note that matrix completion is a special case of this
problem, with A; = eaiebTi for index sets {a;} and {b;} (ignoring the nuclear norm penalty). We
can solve this problem iteratively by factorizing X = UV7T, where U € R™* and V € R™*, and
iteratively computing
VL argmin [ AU(VHT) — b))
VeR™k
U « argmin H.A(Ut(VtH)T) - b“2
UeRm,k
It turns out, it is possible to actually prove convergence results for this non-convex algorithm, for
random instances of this problem. One particular result is as follows.

Theorem 5. ([JNS13], Theorem 2.2) Let each entry in A; be distributed i.i.d. from N'(0,1). Then

2
if p> Q(lg—g logn) where §;, < (i’:g%;) —oor» we have w.h.p. for all t > 2log(|M|| /e),

|p =T (v < e

This result holds more generally for linear operators A which satisfy a restricted isometry
property (RIP). See [JNS13] for more details.

6 Block coordinate descent methods

In this section, we focus on a class of methods which applies the idea of block coordinate descent
to the SDP problem. The idea is quite simple: work on a particular row/column of the matrix
at a time, holding all other entries constant. The ideas presented in this section are derived from
[WGMS09].

6.1 Formulation

The key enabler of this technique is the following generalized Schur complement fact.

Lemma 3. ([Zha05], Theorem 1.20) Let X € S™ be partitioned as

a bT
=3¢

where C € 8" 1. Then X = 0 iff C = 0, a —bTC'b > 0, and b € im C, where C' is the Moore-
Penrose pseudo-inverse of C.
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This lemma is used as follows. Start with an X > 0, which ensures us that C' = 0. Now, we
are free to move a, b as we choose, as long as we keep (a) a —bT CTh > 0 and (b) b € im C. To fully
introduce the method, we need a bit of notation. If A € R™" is a matrix and «, 8 C {1,...,n} are
index sets, then define A, 3 to be

A A

ar,B a1,8g)
Ao =

A A

Aa|sB1 o) B8

Ifi € {1,...,n}, define i¢ = {1, ...,n} \ {i}. Finally, relabel A®) = A;. Using the Schur complement
lemma above and starting from a feasible X, we we can update row/column i, for i = 1,...,n, by
solving the following problem

. ~T| T 1.1 7 Tyt
; . AZ = b7,7 - —Xic ic 2 07 = XZC i€ 14
xeR,zIJI,lzlgR"—ICZ [ Y } { Y } Y i ! " "
where
(1) (1) 1
o N Ay 2A{i},ic B by — <Az('c,ic7 Xie,ie)
G = ! , A = : : , b= :
2Cie 11y ' : '
A 24l b — (AL, Xie je)

Of course, as written, this is not yet practical since (a) computing X;rc s requires a full eigen-
decomposition and (b) it is not immediately clear that the problem (14) is any easier to solve
than the SDP. One immediate trick to making (14) easier to solve is to apply the augmented
Lagrangian method to the linear constraint. That is, introduce a dual multiplier ; € R™ and solve
the sub-problem

2
. ~T x -~ x g o ||~ x 7 T T
~ A; — b))+ = || A —bl| cx—vy" X cy>0, y= Xjc e
xe]R,;IgI,lzlanlcz[y}+<u7 z|:y:| 1)“‘2 z|:y:| i r—Yy icicY Z Yy ic,ic%

By defining E; = EZ — %u, some algebra yields that the following problem has the same optimal

solution set.
2
. ~T | T e 77 T 3
: — A *b : — X~c e >O, :X'c ic 15
B M R LM R R LR T

As we shall see now, by specializing the method to certain problems, it becomes very easy to solve
either (14) or (15).
6.2 Max-cut specialization

Recall for the max-cut SDP, we have A; = eieiT, where e; € R™ is the i-th standard basis vector. It
is not hard to see, since the diagonal entries are constrained to be 1, that (14) reduces to

min  ¢ly:1— yTXZTC Yy >0 (16)
yeimX,-cﬂ-c ’

where ¢ = 2Cc ;. It turns out, (16) has a very simple closed form solution.
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Lemma 4. ([WGMS09], Lemma 3.1) Fiz ani € {1,....,n} and put D = Xjee. If T DC > 0, then

the solution to (16) is given by y. = _\/E%DEDE' Otherwise, y, = 0.

Proof. Let rank(D) = r < n and let D have eigen-decomposition D = Q,X,QL, where Q, € R™"
and ¥, = 0. We re-write (16) to

min (D&)72:1-2"DD'Dz>0+= min (D&)T2:1-2"Dz>0

ZeRn—l ZeRn—l
= Errﬂl%in1(Qg/c\)TE,«QTTz 11— (2.QT )T (2, )T >0
zeR"—
= miﬂg QI T2 :1 -2 12, >0 (17)
zr€RT

where the third equivalence is because @, is full column rank. Now we can solve (17) by simply
looking at the KKT conditions. Introducing multiplier A > 0, the Lagrangian for (17) is

L(z,A) = (QI) 2 + AN2EE 12, — 1)
The stationarity condition yields that for optimal (2, A*),
0=V, (5, 3") = QTe+ X" S 1ar —s 27 — —2—1\*2,,@?6 i A" £ 0
and the slackness condition yields that
N ()78 = 1) =0

There are two cases. If \* = 0, then by stationarity we have Q1¢ = 0. Otherwise, by combining
the stationarity and slackness condition, we have that

L c - - * 1 =
TRt QST Qe 1=0= X" = SVeTDe
and hence
w = Umpe e

To finish the proof, note we have the following variable transforms

Zp = ErQqTZ7y = QTET’QZZ — QrZr =Y

and hence when A\* # 0 we have y* = — \/E‘;iDEDa Furthermore, noting that \* = 0 <= ¢/ De¢ =0

finishes the proof. O

6.3 Matrix completion specialization

For matrix completion, C' = %Iern and the p-th entry in € is associated to

0 eiel
= J
A [ eje; 0 }

2
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where A, € 8™t Therefore, it is straightforward to see that the problem (15) is equivalent to

1 ~ 2
min —x 4+ % Hsz — b iz — yTXZ-Tc’icy >0,y = Xjcjez (18)

z€R,y,z€RM+n—1 2

1 g = "",2 T
— 4m+§H&XMm—@ cx— 2T Xie ez > 0 (19)

min
zER,zeRM+n—1 2

where IN(, is given as
(1)
A{z’},iC
(0
Afiy e
Introducing a multiplier A and forming the Lagrangian for (19) we get

1 o

L(z,z,\) = §x+ 5

Since V. L(z,2,A) = 0 = A\, = 1/2, by complementary slackness we have that 2 Xjc jez, — 2, = 0,
so we can solve the equivalent unconstrained problem for z,,

~ ~ 112
’KiXiC,iCZ — b; + A(ZTXZ‘CJ'CZ — CE)

. 1 ||~ ~ 112
min *ZTXic’Z'cZ + = HKiXic’icZ — b{L
zeRmAn—1 2 2

This problem has an optimal solution Xje ;cz, = y, given by
(Imgn—1 + UXiC,iC[??ki)y* = f?,TXic,z‘cE

Since the matrix (Ipy4n—1 + aXic,icf{in(i) > 0, there is a unique y, solution. However, as written,
this form is not appealing since it amounts to solving an (m+mn—1) x (m+n — 1) system of linear
equations. Fortunately, it turns out that this problem has a lot of structure which makes it quite
tractable.

Lemma 5. ([WGMS09], Lemma 4.1) Fiz an i € {1,2,...,m +n}. Define the following sets

gl Jli+mi(ij)eQt ifl<i<m
{i—-m:(,i) eQ}t ifm<i<m+n

B=i\a
Suppose |a| > 0. The optimal (., y«) for (18) is given by

2 - ~
(y*)a = <0_I|a + Xa,a) Xa,a(b;)a

()5 = 5 Xpa((B)a = (1))

2. = 2 ()a(@)a — (5)a)

where we abuse notation and let (y)a (resp. (y«)p) denote the positions in y, which correspond to
the indices in o (resp. B). That is, the update rule for the i-th column of Xt is given as

X:;Tz‘l < (Ys)as Xéﬁl < ()5, ijl = Tx

Otherwise, if |a| = 0, set (x4, y«) = (0,0).
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Proof. The proof is straightforward but tedious, so we omit the details. The intuition is, however,
that a contains the indices which are coupled due to the measurements, for which we need to solve
a linear system of equations. These indices are determined by the value of I?ZT I~(Z Once we have
determined the values for the indices in «, the remaining values can be easily read off. O

Note that, in the worst case, |a] = max{m,n}, which happens when either a row or column is
fully measured. For a dataset, the worst case value for |a| is simply the maximum number of times
a particular row or column is measured; for matrix completion style problems, we expect this to be
much smaller than max{m,n}. Hence, we expect solving for (y.), to be relative cheap. Note that
in doing so, forming the matrix inverse is not necessary, since the matrix (%I la| + Xa,a) = 0, and
hence we can use a Cholesky decomposition to solve the system.

7 Evaluation

In this section we present an experimental evaluation of several of the methods presented in the
previous sections.

Hardware. Our experiments are run on a machine with 80 Intel Xeon E7-8870 CPUs in an 8x10
configuration. These chips have private L1/L2 caches and a shared L3 cache of 30MB, and support
SSE4 vectorized instructions. The machine has 256GB of DRAM.

Software. The core parts of each algorithm (e.g. gradient computations, matrix operations) are
implemented in C++ using the high-performance eigen3' C++ matrix library. We then wrap these
low level kernels using Cython? to provide a high level Python API. For top eigenvalue/eigenvector
pair computations, we use the ARPACK? library, which provides a high performance implementa-
tion of the Lanczos algorithm. For optimization, we use the implementation of L-BFGS provided
by [BLNZ95]. Hence, we believe our implementations are within a factor or two of a pure C imple-
mentation relying on the standard numerical libraries. We plan to release our code soon on github,
along with a general purpose library for solving semidefinite programs with first order methods.

7.1 Renegar’s method

We made a best effort to try and tune Renegar’s method from Section 3 to work well on the
max-cut SDP. Unfortunately, we were not able to succeed. Figure 3 shows the typical performance
of Renegar’s method on the max-cut SDP for a random graph instance with |V| = 50, which is
a trivial sized graph for which an interior point solver can optimize in under a second. OPT is
computed by having Mosek converge to a high degree of accuracy.

The list of tuning methods we attempted which did not yield any noticeable difference in
performance are

(i) Different step sizes {a/v/t}i>1, {a/t}i>1 and {a/\/f}'él for various values of o > 0.

(ii) Using random cuts which have strictly higher objective value than X = I for the initialization
point.

ttp://eigen.tuxfamily.org/index.php?title=Main_Page
http://cython.org/
Shttp://www.caam.rice.edu/software/ARPACK/
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1: function ProjectedSubgradientMethodAvg(T, {at}tT;Ol)
2 xg < 0

3 Yo < 0

4: forte€0,....,7 —1] do

5 g < an element of 0f(z¢).

6 Tiy1 < 'Pc(.”L‘t — H!gTH)

7

— =% .
Yt+1 S o t+1

8: return yr.

Algorithm 3: The projected sub-gradient method with iterate averaging.

(iii) Renegar’s Non-Smoothed Subscheme (see Section 4 of [Renl4]).
(iv) Iterate averaging (see Algorithm 3 and explanation below).

Algorithm 3 shows the iterate averaging scheme (which we denote First-order-avg in Figure 3).
It is a simple modification of the projected sub-gradient method shown in Algorithm 1 (which we
denote First-order). We experimented with this modification, as in the authors’ experiences, it
empirically helps with convergence for some problems.

The Lower-bound lines in Figure 3 correspond to the theoretical convergence rate which
we have for projected sub-gradient methods. The Lipschitz constant of the minimum eigenvalue
function X +— Apin(X) is 1. We do not estimate the diameter. Instead, we plug in a crude
lower-bound of R = 0.2 (the actual diameter is much larger, and scales with the dimension of the
problem). For the Lower-bound curve on the bottom, we directly apply Theorem 3.2.2 of [Nes98].
For the curve on the top, we apply Proposition 4.

In practice, we know that sub-gradient methods can be quite slow to converge (since it takes
@) (1 / 62) steps to achieve € or less error). Unfortunately, it appears empirically that the eigenvalue
problem in Renegar’s method lies right on the boundary of the convergence analysis. A more
rigorous, theoretical analysis is interesting future work.

7.2 Max-cut

In this section, we benchmark various algorithms on the max-cut SDP. We use various graphs from
the Gset? dataset, a common benchmark for testing max-cut SDPs. The specific graphs we use are
described in Table 1.

Algorithms. We benchmark the following algorithms:

(a) LR-s. This is the low-rank factorization method described in Section 5. Here, we set r =
2logy |V|. In our implementation, we follow the penalty schedule outlined in Section 2.2, with
v = 10 and n = 1/4. To optimize L with the penalty o fixed, we use limited memory BFGS
(L-BFGS), setting the termination condition to be when the norm of the gradient is less than
1072 for {G10,G44,G60} and 107! for the remainder of the graphs. Note that Section 4.2 of
[BMO03b] shows how to change the max-cut problem to an unconstrained low rank factorization
at the cost of further non-convexity; we do not evaluate this specialization.

“Dataset available for download here: http://web.stanford.edu/~yyye/yyye/Gset/
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Figure 3: Characteristic performance of Renegar’s method on the max-cut problem for random
graph instances of |V| = 50. The top graph shows the convergence of the method on the original
problem, and the bottom graph shows the convergence on the eigenvalue problem. This particular
instance was run with stepsize n, = 1/t.

Name |V| |E|  Sparsity (|E|/|[V]?)
G10 800 19176 0.02996
G44 1000 9990 0.00999
G60 7000 17148 0.00035
G65 8000 16000 0.00025
G77 14000 28000 0.0001429
G81 20000 40000 0.0001

Table 1: Description of the datasets used from the Gset benchmark.

(b) LR-1. Same as LR-s, except we set r = /|V|. Note, from Corollary 2, this is on the same
order to guarantee the exact solution is recovered.

(¢) RBR. This is the specialized max-cut row-by-row block coordinate descent method described
in Section 6.2.

(d) Dual. This is the unconstrained dual ascent method described in Section 4.3, for SDPs where
primal feasible points have constant trace (such as in the case of max-cut).

(e) Mosek. This refers to passing the max-cut SDP formulation of (3) to Mosek. We only make
this comparison for graph G10 (recall the scaling behavior shown in Figure 1).

Results. Our results are shown in Figure 4. Note that, because the dual problem is unconstrained
(hence always feasible), it certifies an upper bound on the optimal value at every iteration. Fur-
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thermore, it is not hard to see that every iteration of the RBR method is primal feasible, since the
i-th diagonal element is only updated when the i-th row/column is updated. Hence, every iteration
of RBR certifies a lower bound on the optimal value; the optimal value must lie between the two
curves. The LR method, on the other hand, does not have this sort of guarantee. In Figure 4,
we see that initially, when the penalty parameter o is low, the LR method will move to infeasible
points with much larger objective values. Then, as we increase o, we correct for this infeasibility,
and converge towards the actual solution.

The lines in Figure 4 which do not start at time ¢ = 0 is an artifact of this experiment, and
represents a lack of data about the experiment. More specifically, for LR, this is the time spent in
e.g. line search and Hessian approximations in L-BFGS where our code is not called. For Mosek,
this is the time spent before the Mosek runtime reports the first interior-point iteration has finished.

. G10 . G44 . G60
10 T T 1 1 10 T T 1 ] 10 T T T 1 1
— LR-s : . — LR-s E : — LR
: ; — LR — LR ] : ; — LR
; — RBR — RBR] ; — RBR
o 105 L\ — Dual ] ) — Dual o : — Duall]
> 3 : —  Mosek > > : . ;
pre) . 0 0 s pres) . . .
O . . . O 105 L.V o _ O 3 : :
9 : : : Q ] 9 ; -
Q : : : Q Q : : :
O 10* : : : o O 10t Y- feeedeenns Peeeedeee o
103 I I I I 1 1 103 I 1 I 1 1
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> : > ] > E ‘ : ;
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O : 9] O : .
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Figure 4: Comparison of running time versus objective value for various SDP algorithms on the
max-cut SDP problem for a few graphs from the Gset dataset.

7.3 Matrix completion

In this section, we evaluate both the low-rank factorization method (LR) and the specialized row-
by-row method (RBR) from Section 6.3 on matrix completion problems. We do not include an
evaluation of the dual ascent method of multipliers approach outlined in Section 4.2, since we found
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empirically that, even with smoothing, the square eigenvalue term makes the function quite difficult
to optimize numerically.

7.3.1 Image reconstruction

We first demonstrate these methods visually on an image reconstruction problem. Figure 5 shows
the original m x n = 128 x 128 grayscale image on the left, and the samples we provided the
algorithm on the right (the blacked out pixels are unknown to the algorithm). Note that the rank
of the original matrix is 96, making the image nearly full rank. Hence, we provide O (mn) samples
to the algorithm to give it a viable chance of recovery °.

Original Sampled

Figure 5: An image reconstruction problem.

We run both the LR and RBR algorithms on the data shown in Figure 5. Note for LR, we
set 1 = v/m + n. We show the recovered image after each of the first three iteration in Figure 6.
We do this to show how the algorithm leaves its initial configuration. Notice that, unlike in the
max-cut case, neither algorithm has any guarantee of feasibility at a particular iteration, since
both are method of multiplier approaches. Here, we see that after the first iteration, both methods
produce a rather infeasible matrix. It is only after the penalty parameter is increased in subsequent
iterations that the matrix starts to violate less feasibility constraints.

®One might wonder why we chose such a high rank image to demonstrate the matrix completion problem. We
were inspired by the authors of [RFP10], who use the MIT logo in their example which happens to be rank 5. It
turns out, however, that the Cal logo is of significantly larger rank!
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Iteration 1 Iteration 2 Iteration 3

LR

Iteration 1 Iteration 2 Iteration 2

Figure 6: Progress in the first three iterations of RBR and LR on the image reconstruction matrix
completion problem shown in Figure 5.

7.3.2 Random matrix recovery

In this section, we generate random n x n matrices of rank at most r» = 10, for n € {500, 1000, 2000}.
We then sample 2rn points uniformly at random, without replacement, from the matrix and run
the corresponding matrix completion problem on LR and RBR. From Theorem 1.1 of [Recll],
2rn samples is on the order of magnitude to guarantee full recovery with high probability (we are
mostly ignoring matrix incoherence factors). The results are shown in Figure 7. As in the previous
experiment, we set 7 = v/2n, which we label as LR-I in the figure. Here, we see that, unlike in
the max-cut experiment in Figure 4, the LR method converges substantially faster than the RBR
method. This is, however, not surprising. Recall that the specialized RBR algorithm for max-cut
is extremely simple, whereas the specialized RBR algorithm for matrix completion requires solving
a linear system of equations for every row. Hence, it is comparatively more expensive.

8 Related work

As semidefinite programming has a rich literature surrounding it, it is impossible for a single survey
to be fully comprehensive. Here, we highlight a few first order methods which we did not expand
on in the previous sections.

Other augmented Lagrangian approaches. Many other authors have proposed an augmented
Lagrangian approach to (1). The authors of [WGY10] propose a decomposition which is inspired
by ADMM. Unfortunately, each iteration requires a full eigen-decomposition of one of the auxiliary
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Figure 7: Comparison of the RBR method with the LR method on random matrix completion
problems.

dual variables, which may be prohibitive. However, this method has slightly more promising theory:
the authors are able to show that each iteration is contractive for a dual variable (see [WGY10],
Lemmas 3-4). Thus, further investigation may be able to uncover finite time convergence rates.

Unconstrained eigenvalue optimization. The eigenvalue problem presented in (13) has sparked
independent interest in the research community (with semidefinite programming as an application).

Nesterov in [Nes04] suggests to smooth the eigenvalue problem with the smooth approximation
of Lemma 1. Using an accelerated gradient method, we can then recover a convergence rate of
O (1/+/¢) for an € approximation (see e.g. [Nes98]). However, as Lemma 1 suggests, computing the
gradient of the smooth approximation requires an eigen-decomposition.

An alternative to smooth approximations is to use cutting plane techniques. At a high level,
a cutting plane technique takes advantage of the fact that the sub-gradient at every point defines
a hyperplane which is a lower bound on the objective function (this is called a cutting plane).
Thus, by keeping multiple sub-gradients around (from past iterations), it is possible to construct
an increasingly accurate lower bound estimate for the objective function. Of course, keeping every
sub-gradient around is expensive. Thus, spectral bundle methods try to keep only the sub-gradients
around which capture most of the approximation. See e.g. [HR00, HK99] for more details.

To address these issues in both smooth approximations and cutting plane methods, the authors
of [dEK14] propose to use randomness as the smoothing mechanism. They replace A;(X) with the
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following smooth approximation

def

Fk(X) =E ~max )\1(X + EZiziT)
1= n

=1,..,

where the z;’s are iid from N(0,I,), € > 0 is a fixed parameter and k > 0 is a fixed constant. It is
not hard to see (c.f. [dEK14], Lemma 2.1) that

A(X) + 5 < FR(X) < M(X) + ke

where the lower bound follows from Jensen’s inequality and the upper bound follows from the
sub-additivity of Ai(-). It turns out that the following procedure produces an unbiased estimator
for the gradient VFj(X). Repeat for j =1, ..., g the following

(1) Draw z; ~ N(0,1,,), i =1,..., k.
(2) ip < argmin;_; ; M(X + £z2]).

T

(3) Let v; be a normalized eigenvector associated to the top eigenvalue of X + £2;,2; .

Then use % ;1-:1 vjv]T as the estimate. This procedure is cheaper than doing a full eigen-decomposition
of X, and we can apply the theory of stochastic optimization to yield convergence rates.
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